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Steady-state exothermic processes in reaction vessels with internal and 
external heat transfer are studied for a single reaction with arbitrary 
kinetics and an exponential temperature dependence of the reaction 
rate constant, The critical values of the dimensionless parameters char- 
acteristic of the process are calculated numerically, 

When e x o t h e r m a l  p r o c e s s e s  a r e  c a r r i e d  out under  
h i g h - t e m p e r a t u r e  condi t ions ,  the  r e a c t i o n  hea t  can  be 
used  to good advan tage  for  hea t ing  the s t a r t i n g  m i x t u r e .  
F i g u r e  1 shows the s c h e m a t i c  d i a g r a m s  of s e v e r a l  v e r -  
s ions  of an a p p a r a t u s  for  c a r r y i n g  out such  p r o c e s s e s .  
The s tudy wil l  be l im i t ed  to e o u n t e r c u r r e n t  s y s t e m s ,  
a s s u m i n g  that  both the  r e a c t i o n  v e s s e l  and the hea t  e x -  
change r  o p e r a t e  under  i d e a l  d i s p l a c e m e n t  cond i t ions .  
This  mode l  p r o v i d e s  a s a t i s f a c t o r y  d e s c r i p t i o n  of the  
p r o c e s s  at h igh flow r a t e s  c h a r a c t e r i s t i c  of m o s t  i n -  
d u s t r i a l  p r o c e s s e s  [1, 2]. The p r o b l e m  of des ign ing  
such s y s t e m s  has  been  s tud ied  in [3 -6 ] ;  howeve r ,  no 
a na ly t i c a l  so lu t ion  with the  excep t ion  of  the  e x t e r n a l  
hea t  e x c h a n g e r  [4] was  ob ta ined  in t h e s e  p a p e r s ,  w h i l e  
in r e f e r e n c e  [5] the  i n v e s t i g a t i o n  of the s t a b i l i t y  of the 
s t e a d y - s t a t e  cond i t ions  of  the  p r o c e s s  was  p e r f o r m e d  
inadequa te ly .  An a n a l y t i c a l  so lu t ion  to the  p r o b l e m  of  
d e t e r m i n i n g  the s t e a d y  m o d e s  of o p e r a t i o n  of a r e a c -  
tion v e s s e l w i t h  i n t e r n a l h e a t  t r a n s f e r ,  for  a r e a c t i o n  
of the z e r o  and f i r s t  o r d e r ,  has  been  r e c e n t l y  ob ta ined  
by Ze l enyak  [7]. The p r e s e n t  p a p e r  i n v e s t i g a t e s  the  
s t eady  m o d e s  of o p e r a t i o n  of r e a c t i o n  v e s s e l s  with in -  
t e r n a l  and e x t e r n a l  hea t  t r a n s f e r  for  an a r b i t r a r y  r e -  
la t ion  be tween  the r e a c t i o n  r a t e  and r e a g e n t  co nc e n -  
t r a t i o n .  

I. REACTION VESSELS WITH AN INTERNAL HEAT 
EXCHANGER 

We sha l l  examine  a s ing le  i r r e v e r s i b l e  e x o t h e r m i c  
r e a c t i o n  with  a k ine t i c  law of  the  fo rm:  

r = k (7) [ (c) --- B exp ( - -  E / R T )  [ (c), 

w h e r e  f (c)  i s  an a r b i t r a r y  c o n c e n t r a t i o n  function,  
which i s  a lways  g r e a t e r  than 0 when c i s  g r e a t e r  than 
0.* In d i m e n s i o n l e s s  f o r m ,  the equat ions  of a s t e a d y -  
s t a t e  p r o c e s s  in a e o u n t e r c u r r e n t  a p p a r a t u s  have  the 
form :** 

*If the s t a r t i n g  s u b s t a n c e s  a r e  in n o n s t o i c h i o m e t r i c  
p r o p o r t i o n s ,  t h i s  condi t ion  i s  s a t i s f i e d  w h e n e v e r  a 
de f i c i ency  r e a g e n t  i s  t aken  as  the  key  s u b s t a n c e .  

**The ques t ion  of the  a s s u m p t i o n s  conven t iona l ly  
used  in  the  d e r i v a t i o n  of  t h e s e  equat ions ,  and the  d e -  
r i v a t i o n  i t se l f ,  a r e  examined  in de ta i l  in  the  l i t e r a t u r e  
(see,  for  example ,  [2]). 

dx 
- -  = - -  ~ e~  f (x) ,  (1) 
d~ 

dO 
- -  = 6 9  eO f (x)  - -  a (O - -  ~ l ) ,  (2) 
d~ 

d ~1 _ a (0 - -  ~r). (3) 
d~ 

The bounda ry  cond i t ions  a r e :  

x ( O ) = l ,  o(o)=~1(o) ,  T1(1)=~o. (4) 

Here ,  the  s y m b o l s  i n t roduced ,  

V k  (To) f (Co). 6 -- h c ~  . _ 4 k  TV  

~t = v e  o y RT2o'  a y v d  

a r e  d i m e n s i o n l e s s  p a r a m e t e r s .  
F r a n k - K a m e n e t s k i i V s  we l l -known  a p p r o x i m a t i n g  

t r a n s f o r m a t i o n  has  been  used  in  the  f o r m u l a t i o n  of the  
t e m p e r a t u r e  dependence  of the  r e a c t i o n  r a t e  cons tan t .  
This  a p p r o x i m a t i o n  ho lds  for  r e l a t i v e l y  s m a l l  va lue s  
of A T / T ,  i . e . ,  unde r  cond i t ions  in which the  t h e r m a l  
expans ion  of the  flow need not  be t aken  into account .  
The s y s t e m  of equat ions  (1)-(3)  a lways  has  a f i r s t  in -  
t e g r a l  e x p r e s s i n g  the  e n e r g y  c o n s e r v a t i o n  law: 

6x § O - - T 1 =  6. (5) 

By e x p r e s s i n g  x in (5) th rough  (0 - ~1) and in t roduc ing  
the new v a r i a b l e  y = 0 - ~'I, the s y s t e m  can  be r educed  
to one equat ion:  

(y,)2 + a yv' = o ,  (6) 

wi th  the  bounda ry  cond i t ions  

y(o)=o, 6 - y ( 0  (7) 

F r o m  an a n a l y s i s  of the  i n i t i a l  s y s t e m  of equat ions ,  
i t  can  be s een  that  y = 6(1 - x) is  a m o n o t o n i c a l l y i n c r e a s -  
ing funct ion ~, s ince  x(~) d e c r e a s e s  mono ton ica l l y .  
In th is  c a s e ,  by the subs t i tu t ion  of v a r i a b l e s  y '  = z(y), 
Eq. (6) r e d u c e s  to a q u a d r a t u r e  equat ion .  

A f t e r  p e r f o r m i n g  c e r t a i n  t r a n s f o r m a t i o n s  and in -  
t e g r a t i n g  with a l lowance  for  the  second bounda ry  con-  
di t ion,  we get :  

y 
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Fig. I. Schematic diagrams of several reaction vessel 

versions with a counter-current heat exchanger: a) in- 
ternal heat exchanger, b) external heat exchanger, 

c) combined heat exchanger. 
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Fig.  2. Curves for determin ing a steady-state 
mode of a react ion vessel wi th an inter ] la l  (1, 
2, 3) and a c o m b i n e d  (4, 5) hea t  e x c h a n g e r  f o r  
r e a c t i o n s  of  v a r i o u s  o r d e r :  1) z e r o - o r d e r l  a = 
= 2 . 0 ,  X = 0.25;  2, 3) f i r s t - o r d e r ,  5 = 5 . 0 ,  a =  
= 0.8, }~= 0 . 1 a n d  5 = 5.0, ~ = 0.2, X= 0 .2 ,  
r e s p e c t i v e l y ;  4) z e r o - o r d e r ;  5) p o s i t i v e  o r d e r ,  

r>_l, 5 = 5.0. 
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where  Y0=g(1); k = 6 ~ e  ~0. 
By sepa ra t ing  the v a r i a b l e s  and in tegra t ing ,  we 

a r r i v e  at a t r a n s c e n d e n t a l  equat ion 

//o 

(yo) = S e-ydy. = 1 (9) !se-  s 
for  d e t e r m i n i n g  Y0. The form of the funct ion ~o(y 0) wil l  
be studied for two poss ib le  ca se s .  

1. The funct ion f ( (6  - y) /5)  has no ze ros  on the r igh t  
semiax i s ,  * while at inf ini ty ,  it  does not d e c r e a s e  f a s t -  
er  than exp[-(1 - e)y], where  e > 0. In this  e a se ,  the 
function cP(Y0) is  defined over  the en t i r e  r igh t  s e m i -  
axis,  while for Y0 ~ ~o we have:  

qo (Yo) -~ A, 

where  

A = l" e-udy (10) 

t)o f ( ~ - ~ )  ( ~ + a i  y , ( ~ )  

The curve  q)(Y0) is  cont inuous and m u s t  have at l eas t  
one max imum,  s ince  i t  can be shown that  ~o'(y0) < 0 at 
suff ic ient ly  l a rge  Y0. If the funct ion q)(Y0) has  one m a x -  
imum,  then, as can be seen  f rom Fig.  2, for v a r i o u s  
va lues  of the p a r a m e t e r s  a and X, Eq. (9), and hence  
the in i t i a l  sys t em,  may have one, two, o r  no so lu -  
t ions .  ** 

2. The funct ion f((5 - y ) / 5 )  has a zero  of p- th  o r d e r  
for y = 5 and has no ze ros  for y < 5o In this  ease ,  
function q (Y0) has a l oga r i thmic  s i ngu l a r i t y  at the 
point Y0 = 5 for p -- 1, and has  no s i ngu l a r i t y  for p < 1. 
Depending on the fo rm of the funct ion f((6 - y) /6)  over  
the i n t e rva l  0 -< y <- 6 and on the va lues  of the p a r a m -  
e t e r s  X, 5, and a ,  the funct ion q~(Y0) can be exp re s se d  
by e i ther  curve  (curves  2 and 3) in Fig .  2. It should 
be noted that  in this  case ,  for  al l  p a r a m e t e r  va lues  ex-  
cept some c r i t i c a l  ones,  the function cp'(y0) mus t  have 
an even n u m b e r  of ze ros ,  while Eq. (9) m u s t  have an 
odd n u m b e r  of so lu t ions .  The un iqueness  of a solut ion 
is  a s su red  if  funct ion q~(Y0) i n c r e a s e s  monoton ica l ly .  
At leas t  one solut ion to Eq. (9) wil l  always exis t .  It 
should be noted that  a solut ion which c o r r e s p o n d s  to 
the descending  segment  of the curve  ~0{y0) is  uns tab le  
f rom physica l  cons ide ra t i ons  (5). The a s s u m p t i o n  con-  
ce rn ing  the s tab i l i ty  of the solut ions  that co r r e spond  

*It is  obvious,  however,  that  for Y0 > 6 (i. e . ,  x < 0), 
the in i t i a l  sys t em of equat ions  becomes  phys ica l ly  
unacceptab le ,  which makes  i t  p u r p o s e l e s s  to examine  

(Y0) at Y0 > 5. 

**The absence  of a solut ion to Eq. (9) does not m e a n  
that an actual  phys ica l  p r o c e s s  cannot  be s teady.  It 
ind ica tes  p r i m a r i l y  that  the k ine t ic  funct ion in  i t s  
adopted fo rm does not hold for sma l l  va lues  of x. 

to the ascending  segment  does not d i sag ree  with phys-  
i ca l  c ons i de r a t i ons .  

N ume r i c a l  ca lcu la t ions  were  pe r fo rmed  for s eve ra l  
specif ic  types  of k ine t ic  funct ion.  

a) Z e r o - o r d e r  r eac t ion .  In this  case  f(x) = 1 and 

Yo 

q) (go) = j' 
0 

e-udg 
)~ q- a(1--  g) e - v - -  a ( l@ yo) e-uo " 

(11) 

Figure  2 shows the cu rves  of funct ion q~(Y0) for the 
p a r a m e t e r  va lues  ~ = 2 .0  and X = 0.25. In Fig.  3a, the 
c r i t i c a l  cu rves  for  ~ and X a re  plotted in  the p a r a m e t e r  
plane on the ba s i s  of n u m e r i c a l  r e s u l t s .  They are  de-  
t e r m i n e d  f rom the condi t ion:  

= kcr) = 1. cpmax()V(clr))=l; A iimq~(g0, <2, 
y o ~ c c  

For X~ < )t, Eq. (9)has no solutions; for kcr - X 
exist two solutions, while for X < X(c2)r , there ex _or t he re  

i s t s  a unique solut ion.  
b) F i r s t - o r d e r  r eac t i on .  In th i s  case  f(x) = x and 

yo 

(go) = j '  
0 

e -~dy (12) 

Figure  2 shows the cu rves  of function ~P(Y0) (curves  2 
and 3) for 5 = 5.0 and va r ious  va lues  of a and X. In 
Fig. 3b, the e r i t i c a l  cu rves  for a and X are  plotted in the 
p a r a m e t e r  plane f rom r e s u l t s  of n u m e r i c a l  ca lcu la t ion .  
They a re  de t e rmined  f rom the condi t ions  

%,ax (k(cir)) = l; r (k(2n:cr, = t . 

The point (acr, hcr) is determined from the condition 

~P (gcr) = 1, 

cp' (gcr) = O, 

r (gcr) = 0. (13) 

In o ther  words ,  at the point  of in f lec t ion  of function 
e(Y0), i ts  va lue  m u s t  be unity, while  i t s  de r iva t ive  mus t  
be ze ro .  For  h > X ~ ) ~ a n d  X < X ~  ) Eq. (12) h a s o n e  so l -  
ution, while for X~r*< X< X(cl) , ~i% has th ree  so lu t ions .  

II. REACTION VESSELS WITH EXTERNAL HEAT EX- 
CHANGER 

An adiabat ic  r e a c t i o n  v e s s e l  with a c o u n t e r c u r r e n t  
heat  exchanger ,  both of ideal  d i sp lacement ,  is  ex-  
amined  (Fig. lb ) .  In d i m e n s i o n l e s s  form, the sys t em 
of equat ions  for the s t eady - s t a t e  p r o c e s s  has the form~ 

dx 
- ~ e 0 f  ( x ) ,  

d~ 
dO 

- 5 ~ e ~  
d ~  

d% 
d ~ l  

d % 

- a ,  (T.~ - T._), 

= a ,  (~3 - -  ~ ) .  

(14) 

(15) 

(16) 

(17) 
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Fig .  3. Cu rves  of  the c r i t i c a l  p a r a m e t e r  va lues  for  a r e a c t i o n  
v e s s e l  with i n t e r n a l  hea t  e xc ha nge r :  a) for  a z e r o - o r d e r  r e a c -  

tion, b) for  a f i r s t - o r d e r  r eac t ion ,  5 = 5; 1) k lcr ,  2) k~cr .  

# 
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Fig. 4. Curves for determining the steady 

modes of operation of a reactor vessel with 

an external heat exchanger. I) For a zero- 

order reaction; 2) for a reaction of positive 
order, r -~ i. 
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The boundary  condi t ions  a re  

v~lh=0 = %; "c3 Ih=z = Ol~=~ = Of ; 

x]~=o = !; 01~=o = r~l~,=~ = O~n. (18)  

The s y s t e m  ( i4) - (18)  has  two f i r s t  i n t e g r a l s  which 
exp re s s  the law of c o n s e r v a t i o n  of energy  in  the ad ia -  
bat ic  l aye r  and the heat  exchanger :  

5X + 0 := 5 -}- Oin ~ (19) 

*a - - ~ ' ~  = Of - -  Oin. ( 2 0 )  

By e x p r e s s i n g  x in (19) through (0 - 0in) and denoting 
0 - 0in = y, Of - 0in = Y0, it  may  be seen  that obtaining 
a s t e a d y - s t a t e  solut ion f rom (14) and (15) with a l low- 
ance for (20) r educes  to the solut ion of the t r a n s c e n -  
dental  equat ion 

Yo 

- - i n  [" e-vdg ~(Uo) 

= % + alyo. (21) 

The shape of the funct ion r -will be examined .  
As in the p reced ing  p rob lem,  two di f ferent  ca ses  a re  
poss ib le .  

1. The funct ion f((5 - y) /5)  has no ze ros  on the r ight  
semiax i s ,  and so for th  {see the p reced ing  p rob lem) .  
In this  case ,  funct ion r grows monotonica l ly ,  while 

i e-ydv . as Y 0 -  ~ ,  ~(Y0)-- Al, where  .4~----In 6~,(5--g~ 
0 

If, in addition, r > 0, * i. eo, $(Y0) is a convex 
function,  then it has the shape shown in Fig.  4 (curve 1)~ 

In this  case,  for a t < a e r ,  Eq. (21) has two so lu-  
t ions,  while for ~i > C~cr, it has no solutions. 

2. The function f((6 -y)/5) has a zero of the p-th 

order at y=5, and has no zeros at y<6. In this case, 

function $(Y0) grows monotonically, has a logarithmic 
singularity at point Y0 = 5 for p -> I, and has no singu- 

larities for p < i. If, in addition, the function r 
has a single zero on the segment [0, 5],** then the 

function r has the shape shown in Fig. 4 (curve 2). 
It can be seen from Fig. 4 that for almost all values of 

the parameters ~i, X, and 6, except certain critical 

ones, Eq. (21) has one or three solutions. As in 
the case of an internal heat exchanger, it can be shown 

that the steady mode that corresponds to the condition 

r ~I < 0 is unstable from physical considerations, 
while the stability of the steady modes that correspond 

to the condition ~'(Y0) - ~I > 0 is physically acceptable. 

The following practical examples will be examined: 

a) A zero-order reaction. In this ease, f(x) = I and 

~b (Yo) = In (l -- e-voyiL, (22) 

where  X = 5~.  Func t ion  r has  the shape shown in  
Fig.  4 (curve 1); he re  At= - I n k .  The re la t ion  kcr (~ l )  

*The condi t ion f ' ( x )  _< 0, for example,  is suf f ic ient  for 
this to occur .  
**The c o n d i t i o n f ' ( x )  < 0, f~(x)  -> 0 is  suff ic ient  for 

this  to occur .  

can be obtained in  expl ic i t  fo rm f rom the condi t ion that 

the s t ra igh t  l ine T O + a l y  0 i s  a t angent  to the curve  
r F r o m  here ,  we get 

ker = k e *~ = a~, (23) 
(1 + a , ) ' + ~  

The curve  of this  function is  analogous to curve  1 in 
Fig.  3. F o r  X < k c r  , t he re  exis t  two s t eady - s t a t e  sol -  
ut ions,  while  for  ~ > kc r ,  s t e a d y - s t a t e  solut ions  do 
not exis t .  

b) A reac t ion  of any posi t ive  o r de r  of r .  In this  case,  
funct ion f(x) = x r ,  and 

Y0 

(go) = In f e-vdy 
)~ (6 - -  y y  ' ( 2 4 )  

0 

where  X = #51- r  has the shape shown in  Fig.  4 (curve 

2), the c u r ve  r having  one point  of inf lec t ion .  The 
re la t ion  Xcr (a l )  has the s ame  fo rm as in the case  of 
an i n t e r n a l  heat  exchanger  (Fig. 3b). The point (~cr,  
k c r )  is  de t e rmined  f rom the condi t ions :  

act = * '  (Vcr), *" (Ycr) = 0. (25) 

This  means  that  a c r  is  the de r iva t ive  of the function 
~'(Y0) at i ts  point  of inf lec t ion .  For  ~ > -cr 
the re  exis t s  a unique solut ion.  F o r  -cr%(2) ~ ~ ~_~ ,~cr~(1) 
the re  exis t  t h ree  so lu t ions .  

HI. REACTION VESSEL WITH A COMBINED HEAT 
EXCHANGER 

In this  case,  the s y s t e m  of s t e ady - s t a t e  equat ions 
has the fo rm (see Fig.  lb) :  

The boundary  

- -  = - -  ~ e ~ [ (x) ,  ( 2 6 )  

- -  = ~ S e  ~ f ( x ) - - a ( O - - z l ) ,  (27 )  

- -  ~ ( 0 - - ~ 3 ,  (2S)  

= a 1 (% - -  x~), ( 2 9 )  

dx 

d~ 

dO 

d~ 

dXl 
d~ 

d "r. 2 

d~ 

d ~3 = a~ (*3 - -  T2). 

condit ions a re  

(30) 

xl;=o = 1; zl!t=o = Of~=o; ~1',~:,~ = ~!~,=~ = Oin; 

x2]~,=o ='%; T31~,=I = OJ~=l = Of. (31) 

With the aid of the results obtained for the cases 
I and If, it can be readily shown that the problem of 
solving the system (26)-(30) reduces to the solution 
of the transcendental equation 

91 (Yo) = 

Yo 

= i e-vdg = i, (32) 
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w h e r e  X = 5 ~ .  As  in  t h e  p r o b l e m s  I and  II, two  d i f f e r -  

e n t  c a s e s  a r e  p o s s i b l e :  

1) f ( ~ ) ~ 0  and  2 ) f ( ~ - - ~ ) = O  f o r  9 = 6 .  

In c a s e  1),  t h e  f u n c t i o n  qPl(Y0) w i t h  a s i n g l e  m a x i m u m  

h a s  t he  s h a p e  s h o w n  in  F i g .  2 ( c u r v e  4) .  H e n c e ,  f o r  

a l m o s t  a l l  p a r a m e t e r  v a l u e s  e x c e p t  c e r t a i n  c r i t i c a l  

o n e s ,  t h e  p r o b l e m  h a s  e i t h e r  two  o r  n o  s o l u t i o n s .  

In c a s e  2) t h e  f u n c t i o n  ~Pi(Y0) h a s  t h e  s h a p e  s h o w n  i n  

F ig .  2 ( c u r v e  5). H e n c e ,  a s  a r u l e ,  t h e  p r o b l e m  h a s  
one  o r  t h r e e  s o l u t i o n s .  

NOTATION 

c is the concentration of one of the reagents (taken as the key 
reagent); c 0 is the initial concentration; x = c/c 0 is the dimensionless 
concentration; r is the reaction rate; E is the activation energy; Tis  
the reaction zone temperature; R is the gas constant; T0 is the tem- 
perature read-off starting point; T 1 is the temperature of the initial 
mixture in the heating zone in an external heat exchanger; Tz is the 
temperature of the initial mixture in the heating zone of an external 
heat exchanger; T 3 is the temperature of the hot reacted mixture in 
an external heat exchanger; L is the length of the reaction vessel; V 
is the volume of the reaction vessel; k(T) is the reaction rate con- 
stant; v is the volumetric flow rate; h is the thermal effect of reac- 
tion; ]/is the volumetric heat capacity of the reactive mixture; k T 
is the heat transfer coefficient; d is the diameter of heat-exchanger 
tubes; g = l /L is the dimensionless coordinate in the reaction vessel, 
read from the point of penetration of the mixture into the reaction 
zone; gl = ll/L~ is the dimensionless coordinate in the external heat 

exchanger, read from the point of initial-mixture entrance; 0 = 
= E (T -- To)/RT~; ri = E (T i -- T0)/RT~ (i = 1, 2, 3) are the corres- 
ponding dimensionless temperatures; a and a l  are the dimensionless 
heat transfer coefficients in an internal and external heat exchanger, 
respectively. 
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